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$G$ non-archimedean $F$ split semisimple $0$ $F$
$\mathfrak{p}$ $0$ $q$ cardinality $G(F)$ Borel
$B(F)$ split torus $T(F)$ unipotent radical $N(F)$ $B(F)=T(F)N(F)$
$T(F)$ $\chi$ $\chi$ $G(F)$
$V(\chi)=\{f:G(F)arrow \mathbb{C}|f(bg)=(\delta^{1/2}\chi)(b)f(g)\}$
$\delta$ : $B(F)arrow \mathbb{C}$ modular quasicharacter $\chi$ $\chi(tn)=$
$\chi(t)$ $N(F)$ trivial $B$ $G(F)$ right
translation
$G=GL_{r+1}(F)$ $LG$ diagonal group $T(\mathbb{C})$ $z=$ diag $(z_{1}, \cdots, z_{r+1})\in$
$T(\mathbb{C})(z_{i}\in \mathbb{C}^{\cross})$ $\mu\in \mathbb{Z}^{r+1}$ $z z^{\mu}=\prod z_{i}^{\mu_{i}}$
$\chi$
$\chi(\begin{array}{lllll}y_{1} y_{2}* \cdots \cdots * \ddots * \ddots \vdots y_{r+1}\end{array})= \prod z_{i}^{ord(y_{\mathfrak{i}})}$
$f^{o}(bk)=\delta^{1/2}\chi(b),$ $(b\in B(F), k\in K=GL_{r+1}(0))$ $f^{o}$
$G$ $V(\chi)$ spherical vector
$W$ $w$ Intertwining $M_{w}:V(\chi)arrow V(^{w}\chi)$
$N_{-}$ $G$ maximal unipotent radical :
$M_{w}f(g)= \int_{N-}f(nwg)dn$ . (1.1)
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RLanglands Gindikin-Karpelevich formula (1.1) w $=$ wo(
), $f=f^{o}$ $g=1$
Theorem 1.1 $\Phi$ positive root $\Phi^{+}$
$\int_{N_{-}(F)}f^{O}(nw_{0})dn=\prod_{\alpha\in\Phi+}\frac{1-q^{-1}z^{\alpha}}{1-z^{\alpha}}$ . (1.2)
Gindkin Karpelevich Gindikin-Karpelevich formula
$p=\infty$ Harish-Chandra $c$-
( [5], [9]) 1971 RLanglands $p$ ([9]),
(1980)W. Casselman ([4]).
Theorem 11 3
1 $)$ ( 2 )
2 $)$ 1) ( 3 )
3 $)$ $w$ $f$ spherical vector $f^{o}$
( 4 )
1 $)$ , 2) “2 ”
1), 2) [2], 3) [3]
2 Gindikin-Karpelevich formula
$\Phi$ ( $A_{r}$ ) $\alpha_{i}(i=1, \cdots r)$ simple root, $\alpha_{i}^{\vee}$
coroot A weight lattice $\Phi$ $B$ weight
wt : $Barrow\Lambda$ , Kashiwara operator $f_{i},$ $e_{i}$ : $Barrow B\cup\{0\}([6]$ $\tilde{f_{i}},\tilde{e}_{i}$
), Kashiwara operator $\phi_{i},$ $\epsilon_{i}$ : $Barrow \mathbb{Z}\cup\{-\infty\}$
Kashiwara operator $v\in \mathcal{B}$ $e_{i}(v)\neq 0$ $f_{i}e_{i}(v)=v$ , wt $(e_{i}(v))=$ wt $(v)+\alpha_{i}$ ,
$f_{i}(v)\neq 0$ $e_{i}f_{i}(v)=v$ , wt $(f_{i}(v))$ $=$ wt $(v)-\alpha_{i}$ $\phi_{i}$ $f_{i}^{\phi}(v)\neq 0$
$\phi,$ $\epsilon_{i}(v)$ $e_{i}^{\epsilon}\neq 0$ $\epsilon$ $\phi_{i}(v)=\langle wt(v),$ $\alpha_{i}^{\vee}\rangle+\epsilon_{i}(v)$
$W$ $w_{0}$ simple reflection
$w_{0}=s_{w_{1}}\cdots s_{w_{N}}$ $(N= \frac{1}{2}r(r+1))$




FIGURE 1. $\lambda=(2,1,0)$ ( ) BZL pattern,





Definition 2.1 highest weight wt $(v_{high})=\lambda$ $B_{\lambda}$ $v\in B_{\lambda}$
$b_{1}$ $e_{w_{1}}^{b_{1}}(v)\neq 0$ $b_{2}$ $e_{w_{2}}^{b_{2}}e_{w_{1}}^{b_{1}}(v)\neq 0$
$\{b_{i}\}$
BZL$(v)=(b_{1}, \cdots, b_{N})$
$BZL$ pattem $(^{tt}string$ pammeter” ).
BZL pattern “circling” “boxing” decoration
Circling rule Littelmann([10]) BZL pattern
Circling rule. $\Omega=$ $(1,2, 1,3,2,1, , r, r-1, \cdots, 3,2,1)$ $\Omega=(r,$ $r-1,$ $r,$ $r-$
$2,$ $r-1,$ $r,$ $\cdots,$ $1,2,3,$ $\cdots,$ $r)$ $i\in\{1,3,6,10, \cdots\}$ $b_{i}=0$ $b_{i}$
circle
Boxing rule. $f_{w_{i}}e_{w_{i}-1}^{b_{i}-1}\cdots e_{w_{1}}^{b_{1}}(v)=0$ $b_{i}$ box
$A_{2}$ $\lambda=(2,1,0)$ $\chi_{\backslash }j$ BZL pattern decoration BZL pattern
Figure 1.
Brubaker-Bump-Friedberg Circling rule Box-ing rule
“Tokuyama function $G_{\Omega}$ ”
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Definition 2.2 $v\in \mathcal{B}$ $BZL$ pattern $(b_{1}, b_{2}, \cdots)$ ”Tokuyama function”
$G_{\Omega}$ :
$\{$




$0$ $b_{i}$ circle box
$B(\infty)$ Boxing rule 2 4
Tokuyama([ll]) Schur $s_{\lambda}$ Gelfand-Tsetlin pattern
Brubaker-Bump-Friedberg Tokuyama deformation
Weyl character formula Tokuyama function $G_{\Omega}$





Theorem 2.4 $\lambda$ dominant weight
$\int_{N-(F)}f^{o}(n)\psi_{\lambda}(n)dn=z^{-w_{0}\lambda}[\prod_{\alpha\in\Phi+}(1-q^{-1}z^{\alpha})]s_{\lambda}(z_{1}, \cdots, z_{r+1})$ (21)
$s_{\lambda}$ Schur $\psi_{\lambda}$ $F$ fixed additive character $\psi_{0}$
nondegenerate additive character :




$\int_{N_{-}(F)}f^{O}(n)\psi_{\lambda}(n)dn=\sum_{B_{\lambda+\rho}}G_{\Omega}(v)q^{-\langle wt(v)-wo(\lambda+\rho),\rho\rangle_{Z}wt(v)-wo(\rho+\lambda)}$ . (2.2)
Casselman-Shalika formula Gindikin-
Karpelevich formula Schutzen-
berger involution Sch: $\mathcal{B}_{\lambda+\rho}arrow \mathcal{B}_{\lambda+\rho}$ , Kashiwara morphism $M_{\lambda+\rho}$ : $\mathcal{B}(\infty)arrow$
$B_{\lambda+\rho}\otimes \mathcal{T}_{-\lambda-\rho}$ ( $T_{\lambda}$ weight $\lambda$ 1 ) (morphi-sm $M_{\lambda}$
$A_{2}$ $\lambda=(2,1,0)$ Figure 2. )
(22)
Theorem 2.5 $\lambda$ dominant weight
$\int_{N_{-}(F)}f^{O}(u)\psi_{\lambda}(u)du=\sum_{B_{\lambda+\rho}\otimes\tau_{-\lambda-\rho}}G_{\Omega}(v)q^{-\langle w_{0}(wt(v)),\rho\rangle_{Z}w_{0}(wt(v))}$.
weight $\lambda$
Proposition 2.6 $R=\mathbb{C}[q][[z^{\alpha_{1}}, \cdots , z^{\alpha_{r}}]]$ $\int_{N-(F)}f^{o}(n)\psi_{\lambda}(n)dn\in R$
















$\int_{N_{-}(F)}f^{o}(nw_{0})dn=\sum_{v\in B(\infty)}G_{\Omega}(v)q^{\langle wt(v),\rho\rangle_{Z}-wt(v)}$ .
3
$F$ 1 $m$ $G$ 1 $m$ $\mu_{m}$
$\tilde{G}$(m-fold metaplectic cover) :
$1arrow\mu_{m}arrow\tilde{G}(F)arrow Garrow 1$ .
$K^{*}$ $\tilde{G}(F)$ $K$ image
spherical vector $f^{O}$
Definition 3.1 section $s$ : $Garrow\tilde{G}(F),$ $k\in K^{*}$ $\tilde{f}^{o}$ : $\tilde{G}arrow \mathbb{C}$
:
$\tilde{f}^{o}(s(\begin{array}{lll}t_{1} * \cdot * t_{2} \vdots t_{r+1}*\end{array})k)=\{\begin{array}{ll}\prod z_{i}^{ord(t_{i})} m| ord (t_{i}) (1\leq i\leq r+1) \text{ }0 \text{ }\end{array}$




Theorem 3.2 [8, Proposition I.2.4].
$\int_{N_{-}(F)}\tilde{f}^{o}(nw_{0})dn=\prod_{\alpha\in\Phi+}\frac{1-q^{-1}z^{m\alpha}}{1-z^{m\alpha}}$ .
$v\in B(\infty)$ Definition 21 BZL pattern Circling
rule
Proposition 3.3






$G_{\Omega}^{*}(v)= \prod_{i=1}^{N}\{\begin{array}{ll}q^{-b_{i}}h(b_{i}) b_{i} \text{ } circle \text{ }1 b_{i}\theta\grave{\grave{>}} circle \text{ } A\text{ }\end{array}$
$h(a)=\{\begin{array}{ll}(q-1)q^{a-1} m|a \text{ }O \text{ }\end{array}$
Proposition33
$\prod_{\alpha\in\Phi+}\frac{1-q^{-1}z^{m\alpha}}{1-z^{m\alpha}}=\sum_{B(\infty)}G_{\Omega}^{*}(v)z^{-wt(v)}$ .




$\int_{N_{-}(F)}\tilde{f}^{o}(nw_{0})dn=\prod_{\alpha\in\Phi+}\frac{1-q^{-1}z^{m\alpha}}{1-z^{m\alpha}}=\sum_{B(\infty)}G_{\Omega}(v)q^{\langle wt(v),\rho\rangle_{Z}-wt(v)}$ . (31)
Kashiwara ([6]) wt $(m\cdot v)=m$wt (v) $f_{i}^{m}(m\cdot v)=m\cdot(f_{i}v)$
$m$ . : $B_{\lambda}arrow B_{m\lambda}$
$\lambda$ dominant weight $B(\infty)$ $m\cdot$ : $B(\infty)arrow B(\infty)$
(31) Kashiwara $m$ . image $B(\infty)$
Theorem3.4 Theorem27 $m$ .
4 Gindikin-Karpelevich formula
$K$ $G$ $J$ $K$ Iwahori $\chi$ general position
$V(\chi)$
$\chi$ unramified $V(\chi)^{J}$ (J-fixed vetors)
$W$ order $V(\chi)^{J}$ $W$ parametrize
1 $\{\phi_{w}|w\in W\}$
$b\in B(F),$ $u\in W,$ $k\in J$
$\phi_{w}(buk)=\{\begin{array}{ll}\delta^{1/2}\chi(b) u=w\text{ }\mathscr{B}^{\bigwedge_{\text{ }}}0 \text{ } lffi\text{ }\mathscr{B}_{\grave{\text{ }}}^{\Delta}.\end{array}$
$u,$ $v\in W$ $\psi_{u}=\sum_{v>u}\phi_{v}$ (1.1)
$w,$ $u\in W$ $f=\psi_{u}$
( ([3] )).
Conjecture 4.1 [3] $\Phi$ simply-laced $u\leq v$ (Bmhat order) $S(u, v)=\{\alpha\in$




$C$asselman $V(\chi)^{J}$ ( $\phi_{w}$ )




Remark 1 spherical vector $f^{o}= \psi_{1}=\sum_{w>1}\phi_{w}$ $w=w_{0},$ $u=1$
Theorem 1.1 (Gindikin-Karpelevich )
Remark 2Conjecture 41 $\Phi=A_{2},$ $A_{3},$ $A_{4},$ $D_{4}$
Remarkl Conjecture 41 Gindikin-Karpelevich
Definition 4.2 $S\subset\Phi$ convex
i $)$ $\alpha\in S$ $-\alpha\not\in S$ ,
ii) $\alpha,$ $\beta\in S$ $\alpha+\beta\in\Phi$ $\alpha+\beta\in S$ .
Proposition 4.3 $u=1$ Gindikin-Karpelevich fomula $S(1, v)=$
$\{\alpha\in\Phi^{+}|v(\alpha)\in\Phi^{-}\}$ convex $\Phi^{+}$ $\{\alpha\in\Phi^{+}|v(\alpha)\in\Phi^{+}\}$
convex
$S(u, v)$ $A_{2}$ Table 1.
TABLE 1. $A_{2}$ $S(u, v)$
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Example 4.4 $u=s_{1},$ $v=s_{1}s_{2}s_{1}$ $S(u, v)=\{\alpha_{1}, \alpha_{2}\}$ convex
Example 4.5 $u=s_{2},$ $v=s_{1}s_{2}$ $S(u, v)=\{\alpha_{1}+\alpha_{2}\}simple$ root
convex
Conjecture 41 $\Phi$ simply-laced ( $A,$ $D,$ $E$ )
Proposition 4.6 $\Phi=B_{2}$ $\alpha_{1},$ $\alpha_{2}$ long shod simple roots
$(u, v)=(s_{1}, s_{1}s_{2}s_{1})$ $(s_{1}, s_{1}s_{2}s_{1}s_{2})$ Conjecture 4.1
Remark 3 $\Phi=B_{2}$ 33 $(u, v)(u\leq v)$ Conjecture4.1
Pmposition 4.6 31 $(u, v)$
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